In this paper we continue the investigation of minimal conditions on semigroups begun by J. A. Green [3] and taken up by Munn [5] . A unified account of the results in [3] and [5] , together with some additional material, is presented in the text-book by Clifford and Preston [1, §6.6]. All terminology and notation not introduced explicitly will be as in [1] .
The second section concerns Schiitzenberger groups [1, §2.4] . We show that in a semigroup S satisfying M H the Schiitzenberger group of an arbitrary ?f-class must be a homomorphic image of a subgroup of S (Theorem 2.1): thus each ^-class of S has cardinal not exceeding that of some subgroup of S. We also prove that in a group-bound semigroup whose subgroups are all trivial the relation %£ must itself be trivial (Theorem 2.3). These theorems extend a result of Rhodes [7] for finite semigroups and examples show that they cannot be improved within the context of the conditions studied here.
1. Interdependence of the seven conditions. Let X and Y be semigroup conditions. We write X=s Y ("X implies Y") if and only if every semigroup satisfying X also satisfies Y: furthermore, we write X = Y ("X is equivalent to Y") if and only if X=£ Y and Y=£X. With equality of conditions thus defined as logical equivalence, the relation =£ is readily seen to be a partial ordering of any set of semigroup conditions. The conjunction of a finite family (A 1; A 2 , . . . ,A n ) of semigroup conditions will be denoted by A Throughout the remainder of the paper we shall denote the family
by Cl and the set of all conjunctions of nonempty subfamilies of il by A(fl). Clearly A(fi) is a finite lower semilattice with respect to =£, the greatest lower bound of the pair (A, B) being the conjunction A A B . This section is concerned with the structure of A(fi The following theorem establishes various basic relationships between the members of A(a).
Proof. We note first that the assertions in (i) are immediate consequences of the definitions and that the result in (ii) is due to Green [3, (vi) Let S be a group-bound semigroup. We shall show that S satisfies M*. It is straightforward to check that, in view of Theorem 1.2, A(ft) has at most thirteen elements We proceed to show by means of examples that it has exactly thirteen.
First, we require some further notation. For an arbitrary semigroup S let S""" denote the semigroup with the same set of elements as S but with the multiplication reversed. Also, for any two semigroups S and T let S + T denote the 0-direct union of S° and T° [ 1, §6.3] .
The next lemma is almost immediate. These semigroups, and four others derived from them, label the rows of the following table, the columns of which are labelled by the members of ft. The entry in the table corresponding to a semigroup S and a condition X is 1 or 0 according as S satisfies or fails to satisfy X. It is a routine matter to check the entries in the first four rows (see [ Then T is a subsemigroup of S 1 containing the identity 1. Corresponding to each l e T w e define an element 7, of 2T H (the full transformation semigroup on H) by the rule that hy, = ht for all h e H . Next, we define y:T ->3~H by setting ty = y, for all t e T. Then 7 is a homomorphism and the image Ty is a group of permutations of H; moreover, |T-yl = |W| and if H is a subgroup of S then Ty = H [1, §2.4]. We call Ty the Schiitzenberger group of H.
The following theorem generalises a result on finite semigroups due to Rhodes (see [7, Proposition 1.1, equivalence of (a) and (c)]). Proof. Let H be an ^-class of S and let T, y,(teT) and 7 be defined as before. Let teT. Since S 1 is also a group-bound semigroup in which every subgroup is trivial there exists a positive integer n such that t n is an idempotent of S 1 . Hence (". t" +1 = f" +1 and r + l . t 2n ' 1 = t n , from which it follows that t n+1 eH r . But H r is a group and so t n+1 = t n . Thus 7,-= 7,-7, and so, since Ty is a group, 7, is the identity of Ty. Consequently |7V| = 1-But \Ty\ = \H\ and therefore \H\ = 1.
We conclude by showing that, in a certain sense, the results of Theorems 2.1 and 2.3 are best possible. EXAMPLES 2.4. Let (T, •) be a semigroup, let (H, *) be a group and let <j): T-> H be a surjective homomorphism. We assume that the sets T, H and {0} are pairwise disjoint and we write S = TUHU{0}. By means of the following rules we extend the binary operation
